Following a critical publication review on the expansion of fluidized bed with the fluid velocity, the well-known Richardson-Zaki equation is applied to develop a more accurate relationship linking the apparent drag force F d , the effective gravitational force F g and the voidage of fluidized beds under intermediate regime. A correcting constant a in the relationship is a function of Archimedes number which may provide a degree of flexibility for different systems covering a wide range of variables. With addition of the correlation developed in this work, equivalence correlations between equilibrium forces and the Richardson-Zaki equation can be found for a whole regime.
Introduction
Fluidization is very important from an industrial point of view. The processes of liquid-solid fluidization are widely utilized in the fields of hydrometallurgy, food technology, biochemical processing, water treatment, etc. The operations involved may include crystallization, ion exchange, adsorption, enzyme catalysis and cell culturing, etc. Scientific fundamental research concerns the hydrodynamic structure of liquid-particles, the equilibrium forces for fluid-particle interactions and heat or mass transfer properties in fluidized beds. Taking into account the physical parameters of a liquid-solid system, the expansion characteristic of solid particles in the bed is a function of superficial liquid velocity. A quantitative relationship linking the expansion and these parameters is necessary for a fundamental understanding of fluidization behavior and subsequent application.
Following a critical review of previous publications on the interaction between particles and fluid, it is recognized that the forces on a single particle in a fluid can be clearly distinguished and have been exhaustively correlated for a wide range of Re. However, when the particle is in suspension, statements dealing with the interaction between any one particle and its surroundings become increasingly difficult due to the complex structure of fluid flow, random interactions among the particles and fluid-particles. Not surprisingly, the prediction of the published correlations for the interaction of liquid-particles in fluidized bed shows wide differences. Therefore, more precise analysis of liquid-particle interaction is required in order to have a more accurate prediction of the fluidized bed expansion.
After a short analysis of the force equilibrium correlations for a particle in suspension, an inherent link between the force equilibrium correlation and the Richardson-Zaki equation has been found at two extreme conditions. However, at the intermediate region, no correlation is equivalent to the Richardson-Zaki equation. In this work an attempt has been made to employ the Richardson-Zaki equation for the development of force equilibrium correlation. A new correlation is proposed that provides more reliable calculation for the interaction of liquid-particles in suspension.
Steady-state expansion characteristics
The expansion properties of fluidized beds have been extensively studied. Experimental data demonstrate that the voidage-velocity relationship is independent of the total mass of solid particles in a liquid fluidized bed. The different relationships between the superficial liquid velocity u, the terminal velocity u t, and the voidage, ε, have been developed. Most of works concerning the expansion of fluidized beds have been summarized by Couderc [26] . The first important work in this direction was made by Richardson Zaki [27] where the following equation for the fluidized bed expansion was proposed:
The exponent n is a function of terminal particle Re (in the absence of wall effects). Based on bed expansion data, four separate equations were recommended and each one spanned a limited range of terminal particle Re:
The validity of Richardson-Zaki equation has been confirmed overwhelmingly with the experimental data and it provides an excellent account of expansion characteristics of mono-size spherical particles of the same material in fluidized beds. Therefore, in this work, the Richardson-Zaki equation is used to correlate the fundamental forces (gravity, buoyancy and drag) between the particle and the liquid in fluidized suspension.
Analysis of force equilibrium of particle in suspension
For a bed of solid particles to be in the fluidized state, where each particle is completely supported by the liquid or the suspension, the total interaction forces exerted on it must match its weight. In the case of a single particle in an infinite expansion state (ε = 1), the total interaction can be conveniently divided into the drag and the buoyant forces:
However, how to distinguish the drag and the buoyant forces acting on a single particle in a fluidized bed is still a difficult problem. The difficulties stem mainly from the complex structure of the fluid flow and the intensity of random interactions among the particles and fluid-particle [28] . Experimental resolution is impossible as only total fluid-particle interaction forces can be directly measured in multi-particle systems.
If one defines that the drag force acting on an isolated single particle at liquid apparent velocity [C D (πd 2 p /4)(u 2 ρ/2)] as apparent drag force F d , and the weight of a solid particle in liquid [(πd 3 p g/6)(ρ p − ρ)] as effective gravitational force F g , the ratio of the drag force (F d ) of fluid acting on an isolated single particle to effective gravitational force (F g ) is equal to 1 in an infinite expansion state. The ratio of F g /F d is a function of voidage in multi-particle liquid fluidized bed and has the following form: 
This equation can be rewritten in a dimensionless form as
where n = 4.65 for Lewis et al., n = 4.7 for Wen and Yu, n = 4.78 for Kmiec. The similar correlation form as Eq. (5) or (6) In the region of very low Re, the Richardson-Zaki equation can be transformed using the Stokes' law:
Ar < 3.6 and Re t < 0.2
Substitution of this equation into the Richardson-Zaki equation leads to
where
This equation can be rearranged as:
For Newton's region [7] , the same transformation processes can be made as following:
According to the Richardson-Zaki equation, one has
This equation is equivalent to 0.33
The drag coefficient C D for an isolated sphere in this region is equal to 0.44 [29] , so one obtains
This equation can also be rearranged as: [8] , but rather is dependent on the system properties and expansion state. It should be noted that a small difference in the exponent will result in a large deviation for the balance of effective gravitational force F g and apparent drag force F d . When the solid particles are at incipient fluidization state (ε ≈ 0.4), the ratio of the effective gravitational force and the apparent drag force is about 80 calculated with n = 4.78 and 74 with n = 4.7. This implies that the ratio of F g /F d is very sensitive to the exponent value. Therefore, the assumptions of f(ε) in Eq. (4) as the form ε n and taking n as a constant are inappropriate. An accurate function relationship is required to obtain a suitable force equilibrium correlation for different systems.
Generalization of force equilibrium correlations
Due to the fact that the Richardson-Zaki equation has been confirmed overwhelmingly with the available data, it is a nearly universally adopted velocity-voidage relationship in fluidized beds. In addition to its direct application, the Richardson-Zaki equation was commonly employed in theoretical studies [30] and some successful attempts have been made [31] .
The following work is to revise Eq. (15) By comparing the ratio of right hand side (RHS) and left hand side (LHS) of Eq. (15) with the values of voidage calculated by the Richardson-Zaki equation, one finds that there is a significant difference at the low range of voidage and also that the deviation degree is not the same for different systems (see Fig. 1 ). Therefore, the crucial problem lies in how to correct these deviations.
An attempt has been made to correlate the exponent n in Eq. (5) as a function of Ar or Re t [32] , no simple function form was found. Further fitting results indicate that Eq. (15) can be improved by adding a correcting factor α:
i.e.
The correcting factor α in Eq. (16) may be chosen to match more closely the data from the Richardson-Zaki equation and provides a degree of flexibility.
As ε is equal to unity, α, also equal to 1 (see Fig. 1 ), the particle in fluidized bed becomes a single unhindered particle and the drag force F d from the liquid is equal to the gravity force F g of the solid particle in the liquid. But as ε < 1, the value of α depends on the properties of system and is a function of voidage ε. Various forms of the function α = f(ε) are simulated by using a fitting program and a best form is expressed by:
The values of constants a and b in Eq. (17) An example is given to illustrate the fitting processes. The physical properties and relevant parameters in this example are given in Table 1 .
The terminal Re in Table 1 is determined with the Schiller and Naumann equation [33] , the exponent n is calculated from Eq. (2). With these parameters, the values of constants a and b in Eq. (17) can be obtained as a function of voidage by using table-curve program (see Fig. 2 ).
The same processes have been made for about 50 systems in the low region of terminal Re (Re t < 50). In these systems, the viscosity and the density of liquid, the diameter and the density of particle are changed, so that the constants in Eq. (17) can be obtained at different terminal Re or different Archimedes numbers. The results are given in Table 2 .
Results show that the constants a and b change with the Re t and Ar. In the low region of terminal Re (1 < Re t < 50), the constants a and b in Eq. (17) obtained:
For the high region of terminal Re (50 < Re t < 500 and 3000 < Ar < 100,000), the other 35 different systems have been simulated and given in 
A summary is made here to obtain a desirable result. After substitution of Eq. (17) into Eq. (16), the correlation between the drag force and the gravity force in fluidized bed can be expressed as follows: Eq. (20) shows that the drag force which a particle received from suspension in fluidized bed is 1/(aε 4.78 + bε 2.78 )-fold of that an unhanded particle received from liquid at the same superficial liquid velocity. When ε is equal to 1, (aε 4.78 + bε 2.78 ) is also equal to 1. The drag force from liquid is equal to effective gravity force of an unhanded particle. From this analysis, one finds that a + b = 1 and this is valid for a whole range of voidage (0.4 < ε < 1.0). Thus, only one correcting constant is required, Eq. (20) is simplified to between the revised Eq. (21) and Kmiec's Eq. (15) is given.
As can be clearly seen, the ratio of the LHS and the RHS of Eq. (21) is equal to 1 for a whole range of voidage. This implies that a more accurate fluid-particles interaction correlation has been established. Correlation (21) is developed for conventional liquid-solid fluidization systems, in which the particles are in a uniformly suspended state, the liquid velocity and bed voidage distributions are homogeneous in both the axial and the radial directions. Therefore, it may not be applicable for circulating fluidization due to the non-uniform flow structure [34] .
Conclusions
On the basis of the Richardson-Zaki equation, a new general liquid-particle interaction correlation Eq. (21) is developed under intermediate regime. The constant a in the correlation is a function of Archimedes number which offers a degree of flexibility for different systems. This correlation provides a good description on the apparent drag force F d and the effective gravity force F g in fluidized beds. Its accuracy and applicability in a wide range make it very useful for prediction of the expansion characteristic.
In comparison with the Richardson-Zaki equation, the practical advantage of proposed Eq. (21) is that the definitions of F g and F d have a clear physical meaning. System properties and operating conditions are considered, which allow further investigation of the hydrodynamics for more complex systems, such as to predict segregation phenomena and mixing composition in binary-solid fluidized beds [35] .
In a fundamental sense, with addition of newly developed Eq. 
